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We 2 Siegel Spinor-L
( R. Salvati Manni-J. Top
Abel Siegel
Abel $\mathbb{Q}$ $\mathrm{C}$ : $y^{2}=x^{5}-x$
$J$ (C) 2 Siegel
4
characteristic $m=$ $(m_{1}, m2, m_{3}, m_{4})\in \mathbb{R}^{4}$ , 2 Siegel
$\hslash_{2}$ \mbox{\boldmath $\theta$}
$\theta_{m}(Z):=\sum_{(a_{1},a_{2})\in \mathbb{Z}^{2}}\mathrm{e}(\frac{\Delta’}{2}\lfloor a_{1}a_{2}+m_{2}+m_{1}\rfloor+(a_{1}+m_{1}, a_{2}+m_{2})(\begin{array}{l}m_{3}m_{4}\end{array}))$
( $\mathrm{e}(t)=\exp(2\pi\sqrt{-1}t),$ $t\in \mathbb{R},$ $Z\in\ovalbox{\tt\small REJECT}_{2},$ $Z[x]=\cdot {}^{t}xZx$ )
$n=$ $(n_{1}, n2, n_{3}, n_{4})\in \mathbb{R}^{4}$
$\Theta_{n}(Z)=\theta_{[(0,0,0,\frac{1}{4})+n]}(Z)\theta_{[(\frac{1}{2},\frac{1}{2},0,\frac{1}{4})+n]}(Z)\theta_{[(0,\frac{1}{2},\frac{1}{2},\frac{1}{4})+n]}(Z)\theta_{[(\frac{1}{2},\frac{1}{2},\frac{1}{2},\frac{1}{4})+n]}(Z)$
$n_{i}=0$ or $\frac{1}{2},1\leq i\leq 3,$ $n_{4}=0$
8 $\Theta_{n}$ (Z) Siegel




8 $\mathrm{O}-_{n}$ Hecke Spinor L-
$J$ (C) Hasse-Weil ( 2 Euler )
2
$\sim$
Hasse-We $\zeta$ ( $s,$ $J$ (C)) Gr\"ossen-character $\lambda$
$E:y2=x(x-1)(x-3-2\sqrt{2})$ ..
$\pi$ : $C$ $\ni$ $(\begin{array}{l}xy\end{array})-(\frac{y(x-\sqrt{2})[perp] xx_{\frac{+1)}{1--1}}x}{(x-1)^{2}})\in E$
$J$ (C) $\cong$ ${\rm Res}_{\mathbb{Q}(\sqrt{2})/\mathbb{Q}}(E)$ isogenous over $\mathbb{Q}$
( ${\rm Res}_{\mathbb{Q}(\sqrt{2})/\mathbb{Q}}$ { We restriction) $E$ { $\mathbb{Q}(\sqrt{-2})$
( $xy$ ) $-arrow\sqrt{-2}$ $($ $)$
8 $\mathbb{Q}(\sqrt{-2}, \sqrt{2})=\mathbb{Q}(\mathrm{e}(1/8))$ Gr\"ossen-character $\lambda$
-Milne
$\zeta.(s, J(\mathrm{C}))$ $=\zeta(s, E/\mathbb{Q}(\sqrt{2}))$
$=L(s, \lambda)$ $=$ (P\Pi ,2)=1(1--\lambda ( )NP-s)-l
$\mathbb{Q}(\mathrm{e}(1/8))$ (2) 1
$\lambda(\mathfrak{P})=\mathrm{N}_{\mathbb{Q}(\mathrm{e}(1/8))/\mathbb{Q}(\sqrt{-2})}(\alpha),$ $\mathfrak{P}=(\alpha),$ $\alpha\equiv 1$ $(\mathrm{m}\mathrm{o}\mathrm{d} 2)$
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Gr\"ossen-character $\mu$ : $\mathbb{Q}(\sqrt{-2})_{\mathrm{A}}^{\cross}arrow \mathbb{C}^{\cross}$ $\mathbb{Q}(\sqrt{-2})$
$(2\sqrt{-2})$ 1
$\mu(\mathfrak{p})=\alpha$ , $\mathfrak{p}=(\alpha),$ $\alpha\equiv 1$ $(\mathrm{m}\mathrm{o}\mathrm{d} 2\sqrt{-2})$
$L(s, \lambda)=L(s, \mu)$L(s, $\overline{\mu}$)
-.
$\mathrm{O}2$ Spinor $L$- $L$ (s, $\lambda$ ) $=L$ (s, $\mu$ ) $L(s,\overline{\mu})$ Siegel




( $\mathfrak{n}$ 2 $\mathbb{Q}(\sqrt{-2})$ ) $\theta_{\mu}$ Hecke
eigen cusp-form $L$ (s, $\theta_{\mu}$ ) $=L$ ( s, $\mu$) $\mu$ conductor
$\theta,$ $\in S_{2}(\Gamma_{0}(64), \omega 2)$
$S_{2}$
$\Gamma_{0}(N)=$ $\{$ $\in SL_{2}(\mathbb{Z})|c\equiv 0$ $($mod $N)\}_{\text{ }}\omega$2 2
$\mathbb{Q}(\sqrt{2})/\mathbb{Q}$ Dirichlet charac $\mathrm{r}$
$\theta_{\mu}(\gamma \mathrm{t}z)=j($ \gamma , $z)^{2}\omega_{2}(a)\theta_{\mu}(z)$
$\mathrm{A}\mathrm{a}$
$\theta_{\overline{\mu}}\in S_{2}(\Gamma_{0}(64), \omega 2)$
$\mathrm{i}\mathrm{i})\theta_{\mu}$ 2 Fourier 2





$+\mathbb{Q}ij,$ $i^{2}=j^{2}=1,$ $ij=-ji$ $\varphi$
$L$ (s, $\varphi$) $=L$ (s, $\mu$) $D.\mathbb{Q}$ order $R$
character $\chi$ $\varphi$
$\varphi(\gamma gk)=\chi$ (k) $\varphi$ (g), $\gamma\in D_{\mathbb{Q}}^{\cross},$ $g\in D_{\mathrm{A}}^{\cross},$
$k \in\prod_{p<\infty}R_{p}^{\cross}$
211
D $D_{\mathrm{A}}^{\cross}$ $\mathbb{C}$-valued $A$ (R, $\chi$ )
$D_{\mathrm{A}}^{\cross}$
$D_{\mathrm{A}}^{\cross}= \mathrm{U}_{i}^{D_{\mathbb{Q}}^{\mathrm{x}}\alpha_{i}}(\mathbb{H}\cross\prod_{p}R_{p}^{\cross})h(R)$ ( ), $\mathbb{H}=D_{\infty}$
$\alpha_{i}$ $\varphi$
$h$ (R) $R$ \mbox{\boldmath $\varphi$}(\mbox{\boldmath $\alpha$}





$\overline{\varphi}$ (theta-lift $\ovalbox{\tt\small REJECT}$ )
Siegel $\mathrm{Y}(\varphi, \overline{\varphi})$ -E $L$ ( s, $Y$ (\mbox{\boldmath $\varphi$}1, $\varphi_{2})$ ) $=$
$L$ (s, $\varphi_{1}$ ) $L(s, \varphi_{2})$
$L(s, Y(\varphi,\overline{\varphi}))=L(s, \varphi)$ L(s, $\overline{\varphi}$) $=L(s, \mu)$L(s, $\overline{\mu}$) $=\zeta$ (s, $J(\mathrm{C})$ )
Siegel
$A$ (R, $\chi$) $D_{\mathrm{A}}\oplus$
$D_{\mathrm{A}}$ Schwartz function $f$
1. $\infty$ $f_{\infty}=\exp(-2\pi(\mathrm{N}(x_{1})+\mathrm{N}(x_{2})))$ for $x_{1},$ $x_{2}\in \mathbb{H}$ .
2. $p$ $\chi_{p}$ (\chi $p$-component) trivial $f_{p}$ $\oplus$
.
3. $p$ $\chi_{p}$ trivial $f_{p}$ $k_{1},$ $k_{2}\in R_{p}^{\cross}$
$(x_{1}, x_{2})\in D_{p}\oplus D_{p}$ [
$\ovalbox{\tt\small REJECT}(k_{1}^{-1}x_{1}k_{2}, k_{1}^{-1}x_{2}k_{2})=\overline{\chi_{p}(k_{1})}\chi_{p}$ (k2) $f_{p}(x_{1},x_{2})$ .
$F(Z)$
$=h(R) \sum n_{i}^{-1}n_{j}^{-1}\sum\langle\prod f_{p}(\alpha_{i}^{-1}\delta_{1}\alpha_{j}, \alpha_{i}^{-1}\delta_{2}\alpha_{j})$
$ij$ $\delta\dot{.}\in D_{\mathrm{Q}}$ p
$\mathrm{x}\mathrm{e}(\mathrm{N}(\delta_{1})z_{1}+\mathrm{T}\mathrm{r}(\delta_{1}-\delta_{2}^{*})z_{2}+\mathrm{N}(\delta_{2})z_{3}),\overline{\varphi_{1}(\alpha_{i})}\varphi_{2}(\alpha_{j})\rangle$ ,
$Z=$ $(\begin{array}{ll}z_{1} z_{2}z_{2} z_{3}\end{array})\in fl_{2}$
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$\langle$ , $\rangle t\mathrm{h}$ Hermitian $n_{i}=|D\mathbb{Q}\cap\alpha_{i}^{-1}R_{\mathrm{A}}\alpha_{i}|_{\text{ }}*$ $D\mathbb{Q}$
$\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}- \mathrm{i}\mathrm{n}\mathrm{v}\mathrm{o}1\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}_{\text{ }}\mathrm{N}$, Tr
$D_{\mathrm{A}}^{\cross}$ $\varphi \mathrm{s},\mathrm{t}L$ (s7 $\varphi$ ) $=L$ ( s, $\mu$) $\varphi$
$A(R, \chi)$ Schwartz-function $\prod_{p}f$p 8
$\mathrm{O}-_{n}$ 8 $\Theta_{n}$ 2
Hecke operator $\mathrm{O}-(0,0,0,0)$
$\Theta$
(0,0,0,0) $(8Z)$ $= \sum_{x\dot{.},y_{j}\in \mathbb{Z}}\mathrm{e}(\frac{7}{8}+\frac{y_{1}+y_{2}+y_{3}+y_{4}}{4}+\frac{x_{3}+x_{4}}{2}$ )
$\mathrm{x}\mathrm{e}(Z\{\begin{array}{l}2x_{1}2y_{1}\end{array}\}+Z\{\begin{array}{ll}2x_{2} +\mathrm{l}2y_{2} +1\end{array}\}+Z\{\begin{array}{l}2x_{3}2y_{3}+1\end{array}\}+Z\{\begin{array}{l}2x_{4}+\mathrm{l}+12y_{4}\end{array}\})$
$D\mathbb{Q}$ $\delta_{1},$ $\delta_{2}$
$\delta_{1}$ $=$ $2x_{1}+(2x_{2}+1)- i+(2x_{3})j+(2x_{4}+\mathrm{I})|ij$,
$\delta_{2}$ $=$ $2y_{1}+(2y_{2}+1)i+(2y_{3}+1)\cdot j+(2y_{4}+1)ij$ ,
$\Theta(0,0,0,0)$
$\Theta$(0,0,0,0)(8Z) $=$ $o \sum_{e\dot{.},y.\in \mathbb{Z}}.\mathrm{e}(\frac{7}{8}+\frac{y_{1}+y_{2}+y_{3}+y_{4}}{4}+\frac{x_{3}+x_{4}}{2}$)
$\cross$ e(N $(\delta_{1})z_{1}+$ Tr($\delta_{1},$ $\delta_{2}^{*}$ ) $z2+\mathrm{N}(\delta_{2})z_{3}$ )
Schwartz-function $f$p
1. 2 $f_{2}$ $\delta_{1},$ $\delta_{2}$ $x_{i},$ $y_{i}$ $\mathbb{Z}_{2}$ $f_{2}(\delta_{1}, \delta_{2})=$
$\mathrm{e}$ ( $\frac{7}{8}+$ $+\supseteqq+x2$ ) 0
2. $p$ ,$f_{p}$ $x_{i},$ $y_{i}\in \mathbb{Z}_{\mathrm{p}}$ 1 0
$D\mathbb{Q}$ order $R$ $R$ character $\chi$
$f_{p}(k_{1}\delta_{1}, k_{1}\delta_{2})=\chi_{p}(k_{1})f_{p}(\delta_{1}, \delta_{2})$ , $k_{1}\in R_{p}^{\mathrm{x}}$
$R$ $=$ $\mathbb{Z}+2\mathbb{Z}(i+j)$ $+2\mathbb{Z}(j+ij)$ $+4\mathbb{Z}$ij,
$\chi$ $=$ $\omega$2($a_{1}+4(a_{2}+a_{3}+a_{4})$ , for $a_{1}+2a_{2}(i+j)+2a_{3}(j+ij)+4a_{4}ij\in R_{2}^{\mathrm{x}}$
213
2 $p$ $R_{p}$ maximal order $\chi_{p}$ trivial
$R$ $h$ (R) 4
$\alpha$ 1 $=$ 1, $\alpha_{2}=(i+j+ij)_{2}\cross\prod_{v\neq 2}1_{v}$ ,
$\alpha$3 $=$ $(1+2i)_{2} \cross\prod_{v\neq 2}1_{v},$ $\alpha 4=(6+i+7j+3ij)2\cross\prod_{v\neq 2}1_{v}$
$A$ (R, $\chi$ ) Brandt (Hecke-Operator
) $L$ (s, $\varphi$) $=L$ (s, $\mu$) $\varphi$
$\varphi(\alpha 1)=1,$ $\varphi(\alpha 2)=-\sqrt{-1},$ $\varphi(\alpha 3)=\varphi(\alpha 4)=0$
$\varphi$
$\overline{\varphi}$ Schwartz function $f$
$\mathrm{Y}(\varphi, \overline{\varphi})$
Schwartz-function $f$ $\Theta_{(0,0,0,0)}(8Z)$ $\mathrm{Y}(\varphi, \overline{\varphi})$
$(\alpha_{i}, \alpha_{j})\neq(1,1)$
cancel
$\Theta_{(0,0,0,0)}(8Z)=Y(\varphi, \overline{\varphi})$ $\Theta(0,0,0,0)(8Z)$ Hecke
$L$ (s, $\Theta_{(0,0,0,0)}$ ) $=L(s, \varphi)L(s, \overline{\varphi})$
( Bad prime 2 Euler factor )
$\varphi$
$\theta_{\varphi}$
$\theta_{\varphi}(z)$ $=$ $\sum_{i}^{h(R)}n_{i}^{-1}\sum\langle\prod f_{p}^{(1)}(\delta\alpha_{i})\mathrm{e}(\mathrm{N}(\delta)z),$ $\varphi(\alpha_{i})\rangle$ ,
$\delta\in D_{\mathbb{Q}}$ p<0
$\theta_{\varphi}$ Hecke $L$ (s, $\varphi$ ) $=L$ (s, $\theta_{\varphi}$ ) $\theta_{\varphi}\in S_{2}($ \Gamma 0(64), $\omega_{2})$
$D_{p}$ Schwartz-function $f_{p}^{(1)}$ {
1] 2 $\delta\in R_{2}^{\cross}$ $f_{2}^{(1)}(\delta)=\chi_{2}(\delta)$ 0
2. $p$
$\varphiarrow\theta_{\varphi}$ Hecke $\varphi$ Hecke
214
$dim(\mathit{2}S_{2}(\Gamma_{0}(64), \omega_{2})=2$ $S_{2}(\Gamma_{0}(64), \omega_{2})$
$\theta_{\mu},$ $\theta_{\overline{\mu}}$ $\theta_{\mu}=\theta_{\varphi},$ $\theta_{\overline{\mu}}=\theta_{\overline{\varphi}}$
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